We present a closed-form formula for the general solution to the difference equation
Introduction
Difference equations are an area of considerable interest. Some classical results can be found, for example, in [-]. There has been some renewed interest in solvable difference equations [-] and systems [, -] and some closely related topics such as finding their invariants or some applications [-]; see also numerous references therein. In many of these papers on solvability, the equations and systems are nonlinear and are transformed into some solvable linear ones by using suitable changes of variables.
A frequent situation is that a difference equation is transformed into a linear first-order one [-], which is solvable ([] contains a nice presentation of some methods for solving the equation; see also [] , as well as [] where the case of constant coefficients is considered). Moreover, an analysis shows that many systems are also essentially reduced to the equation (see, for example, [, ] and the references therein). In our recent papers on product-type difference equations and systems, we frequently use the corresponding product-type first-order equation, which, in some cases, is also solvable (see, for example, [-] and the references therein).
One of the simplest inhomogenous higher-order linear equations is the following relative of the linear first-order difference equation:
where (q n ) n∈N  and (f n ) n∈N  are real or complex sequences. If q n = q =  and f n = , n ∈ N  , then we have
Since the associated characteristic polynomial to equation () is
its general solution can be written in the following form [-]:
where c j , j = , k, are arbitrary constants, k √ q is one of the kth roots of q, and
(the notation will be used from now on). Formula () shows that every solution to equation () converges to zero when |q| < , every solution to the equation is bounded when |q| = , and all nontrivial solutions to the equation are unbounded when |q| > .
In [] we presented some of our old results related to equation () for the case k = , which had been presented at some talks and/or conferences during the last decade. Some of them seem folklore, but there are some nice ideas behind them. Let us briefly describe the results of [] . Namely, we have studied, among other problems, the existence of bounded solutions to equation () when k =  in two different ways. Using a routine method, it was shown that when q n = q ∈ C \ {}, the equation has the general solution
where c  , d  ∈ C, and √ q is one of two possible square roots of q. Employing (), it was
shown that the equation in the case q n = q, n ∈ N  , has a unique bounded solution when |q| >  by finding its closed-form formula. , we first present a closed-form formula for the general solution to equation () in the case q n = q, n ∈ N  , q ∈ C \ {}. Using the formula, we show the existence of a unique bounded solution to the equation when |q| >  and sup n∈N  |f n | < ∞ by finding the solution in closed form. Then, using the formula for the bounded solution, we introduce an operator that, together with the contraction mapping principle, helps in showing the existence of a unique bounded solution to the equation when the sequence (q n ) n∈N  is real, nonconstant and satisfies some additional conditions which will be specified later. We also obtain some interesting formulas. Some other applications of fixed-point theorems in investigation of difference equations can be found in [, , ] (see also the related references therein), where a variant of the Schauder fixed-point theorem [, ] is frequently applied. The majority of such papers construct suitable operators by using some summations, which can be regarded as some kind of solvability methods.
As usual, by l ∞ (N  ) we denote the Banach space of bounded sequences u = (u n ) n∈N  with the supremum norm
By V k (t  , t  , . . . , t k ) we denote the Vandermonde determinant of kth order:
It is well known that
Main results
Our first result shows that there is a closed-form formula for general solutions to equation () when (q n ) n∈N  is a constant sequence. From the theoretical point of view, we know that for each inhomogeneous linear difference equation with constant coefficients, such a formula exists. On the other hand, we know that the polynomial equations of order greater than or equal to five need not be solved by radicals, which implies that there are linear difference equations with constant coefficients for which we cannot find a closedform formula for their general solutions. The result shows that there is a class of linear equations of arbitrary order for which it is possible to find such a closed-form formula. Moreover, the result gives only one formula that includes all the solutions to the equation.
Lemma  Consider the difference equation
where k ∈ N, q ∈ C \ {}, and (f n ) n∈N  is a given sequence of complex numbers. Then, the general solution to the equation is
where c s , s = , k -, are arbitrary numbers, and k √ q is one of the kth roots of q.
Proof Based on (), we try to find the general solution to equation () in the form
where (c
are some undetermined sequences. To do this, we pose the following conditions:
. .
for n ∈ N  , from which it follows that
for n ∈ N  . From (), (), and the last equality in () with n → n + , we easily get
for n ∈ N  .
Since q = , for each fixed n ∈ N  , equations () and () are equivalent to the following k-dimensional linear system:
From () and (), by some calculation and using properties of determinants, we get
By using formula () it follows that
Now note that
from which it follows that
From (), (), and (), since ε k = , it follows that
for n ∈ N  and s = , k -.
Summing up () from  to n -, we obtain
for n ∈ N  and s = , k -, where c s := c
 , s = , k -. Employing () in (), we get formula (), as desired. 
Remark  It is interesting that the determinant
From (), (), and () we obtain
Our next result gives an application of Lemma  in the investigation of the existence of a bounded solution to equation () when |q| >  and (f n ) n∈N  is a bounded sequence of complex numbers.
Theorem  Assume that |q| >  and f := (f n ) n∈N  ⊂ C is a given bounded sequence. Then, there is a unique bounded solution to equation ().
Proof Employing (), it follows that
for all m ∈ N  and l = , k -. Since |q| >  and f is bounded, we have
From (), (), and the assumption |q| > , we see that, for a bounded solution (x n ) n∈N  to (), there must be
By solving the system we have
for s = , k, where W ls , l, s = , k, are (k -)-dimensional minors of the determinant in () corresponding to the element on the position (l, s). They can be obtained by the coefficients of the following polynomial of (k -)th order, which is defined by the Vandermonde determinant:
where the second equality is obtained by expanding the determinant along the sth column, whereas the third one follows from (). 
for m ∈ Z.
The Banach fixed point theorem says that the operator has a unique fixed point, say
, that is, A(x * ) = x * , or equivalently
It is not difficult to verify that () is a bounded solution to () for n ∈ N  .
